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Elastic wave scattering by surface defects like cracks, corrosion induced pits, topographic 
irregularities, ~:tc., is of interest for ultrasonic nondestructive evaluation and in seismology. 
Scattering by surface-breaking cracks has been studied by many authors in recent years. Refer-
ence:; to papers on scattering by surface-breaking cracks can be found in [1,2]. The correspond-
ing problem of cavities at the surface and topographic irregularities has been studied in seismol-
ogy (see, for example, [3,4]). Almost all the studies have dealt with two-dimensional problems 
(for references to some 3-D scattering see [5]). 
In this paper we have studied the general three-dimensional problem of elastic wave scatter-
ing by surface-breaking cavities of arbitrary shape using a hybrid method which combines the 
finite element representation of the interior field with the boundary integral representation of the 
exterior field. The advantage of the method is that it is suitable for analyzing scattering by arbi-
trarily shaped and multiple cavities. In this regard the method is similar to that used in [1], where 
the outside field was represented in terms of multipolar potentials. 1be details of the present 
method can be found in [6]. 
FORMULATION 
Figure 1 shows the geometry of the problem. As shown, homogeneous, isotropic, linearly 
elastic half-space containing a cylindrical pit of arbitrary surface shape with axis parallel to the 
y-axis (not shown) is considered. The two artificial boundaries B and C divide the medium into 
two regions. 1be interior region R1 is bounded by the boundary B, the pit surface and part of the 
free surface. 1be exterior region Ro is bounded by the free surface and the contour C and extends 
to infinity in the x, y, and z directions. The area between the contours Band Cis shared by both 
regions. We consider plane harmonic P or SV-wave incident at an arbitrary angle to theY-axis 
(see Fig. 2). 
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Fig. 1. Geometry of the semi-circular cavity with finite element grids and the boundaries B and 
c. 
y 
II 
64 
X 
z 
The arrow indicated the incident plane wave direction 
which li es in the plane of Xz that makes an angle~ 
with the plane xz 
Fig. 2. Incident wave direction. 
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Let l1i be the displacement component in the i-th direction in a Cartesian frame and let Tii be 
the second order Cauchy stress tensor (ij=l,2,3) having time harmonic behavior of the form e-.ox, 
where ro is the circular frequency (radlsec). In regions Ro and R1 the governing equation of elas-
tic motion is written as 
(i,j = I,2,3) (I) 
where p is the mass density. f; is the force per unit volume, and the factor e-tox has been omitted. 
Solution to Eq. (I) satisfying the stress free boundary conditions along the surface of the half-
space and along the pit surface is sought. The scattered field also satisfies the radiation condition 
at infinity. 
Solution in the Exterior Region R 0 
In this region the displacement is composed of two parts, 
ui = ulo) + ul•> (2) 
where ulo) (i=l,2,3) represents the free field displacement components (including the incident 
field and its reflection from the free surface) and ul•> denote the contribution of the scattered 
waves. In this paper the scattered displacement field is represented by a surface integral as dis-
cussed in [4]. The integral representation of the scattered field at any point in region Ro is given 
by 
ul•) = t (Gij T jk- UjLiJl<)rlj.dC (3) 
c 
Here Gij (x,x') is the Green's function for the half space, L;Jl< is the corresponding stress com-
ponent and rlK define the components of the outward unit normal vector to C. In Eq. (3) the con-
ditions of vanishing traction on the free surface z=O and the radiation condition at infinity have 
been utilized. The contour integration is carried out in clockwise direction. Expressions for G 
and I: can be found in [6]. 
The Interior Region R 1 
This region is divided into finite elements having N1 number of interior nodes and N8 
number of boundary nodes. For the finite element representation in Region R1• the energy func-
tional is taken to be 
1ff * * 1 f * * E =- (T·£ - pro:lu·u )dxdz- - (tN·ua + t8 ·ua)dc 
2 Ro "'= -- 2 B 
(4) 
where"*" denotes complex conjugate and T and£ are stress and strain components, respectively. 
These are defined as follows: 
T= {Tij} = {Tu, Tyy, Tzz, Tzy. Tzx, Txy}T, (5) 
£= {Ejj} = {£xx, Eyy. Ezz, Ezy. Ezx, Exy}T · (6) 
where superscript T denotes transpose. The t and u represent the traction and displacement on 
-B -B 
contour B, respectively. 
It is assumed that the displacement field within an element is represented in terms of the 
shape functions ~j(x,z) and elemental nodal displacement {u{J as 
i=l,2,3. (7) 
The number of nodes in each element is given by n. The Tij and Eij are computed by substituting 
Eq. (7) into strain-displacement relations and these, in tum, into the stress-strain relations. Sub-
stituting these in Eq. (4) and taking the variation, the equation of motion for region R1 can be 
written as 
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Sn represents the elemental impedance matrix, and is given by 
[Sle = fJ([Be*lT D[Bel- pcif[cpJT[cpe])dxdz . 
A. 
{Y} represents the nodal force vector due to surface tractions on the boundary. 
{Y}e= J£Be*1T[D][cpe]{n}dc 
c. 
(8) 
(9) 
(10) 
Since there are no forces on the interior nodes N1, therefore {YJl=O, and thus a relation between 
{u} and {u } can be written as 
-I -B 
{u } = -[Srr1-1£SmHu } (11) 
-I -B 
Matrices [Be], Dare defined in [6]. Note that in the derivation it has been assumed that 
u (x,y,z) = u(x,z)eit;y. 
- -
Now Eqs. (3) and (11) is combined to solve for the displacement at the boundary nodes N8 . 
It is found that 
{u }=[-[ABIUSnr1£Sml+ABBHu )+(u<o>) 
-B -B -B 
(12) 
Once { u } is obtained from Eq. ( 12) we then use Eq. (II) to find { u } . More details can be found 
~ ~ 
in [ 6]. In the following we present numerical results for the displacement amplitudes on the sur-
face of semi-circular cavity for different frequencies and angles of incidence. 
NUMERICAL RESULTS AND DISCUSSION 
The method described above was used to solve body wave (P and SV) wave scattering by a 
semi-circular cavity on the free surface of a half-space. It is assumed that the Poisson's ratio of 
the medium is V=t. In this paper only near-field results are presented. Once these are known 
then the far-field displacements can be obtained using the integral representation on the cavity 
surface [2]. Results for cp=45° and the angle of incidence=45° are presented here. Figure 3 shows 
the normalized amplitudes of displacement components on and near the cavity surface for 
incident P and SV waves, respectively. These figures show significant variation in all three dis-
placement components. It is found that the out of plane horizontal displacement is amplified 
most for SV waves at and near the cavity edges. Note that the edges of the cavity are at x=±.S H 
(see Fig. 1). Frequency is taken to be t=k2H=n: where k:F(I>/C2, C2 being the shear wave velocity 
in the half space. 
Figure 4 shows results for !;=0 (i.e., cp--o0 ). Frequency is the same as in Figure 3. The angle 
of incidence is 60° to the upward vertical. In this figure solid circles and triangles are taken from 
[3]. In [3] an indirect boundary integral technique was used. The results obtained by the present 
method are seen to agree well with those obtained in [3]. Figures 5-8 show some representative 
results for different frequencies and angles of incidence obtained by the present method. These 
figures show significant dependence of the surface displacement components on the angles of 
incidence, the types of wave (P or SV), and the frequency. In addition, it is found that 
amplification of displacements is usually quite large near the intersections of the cavity with the 
free surface. That maximum amplification occurs in the vertical displacement for P wave, 
whereas for SV wave horizontal displacement is amplified most. 
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Fig. 3. Displacement amplitude on the cavity and nearby half-space surface for body wave 
incident at 45° and '=45°. (a) P wave, (b) SV wave. 
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Fig. 4. Comparison of present calculations with those of Ref. [3] for incident P wave on a semi-
circular cavity. e=k2H=n:. 
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Fig. 5. Vertical displacement amplitude on the cavity and nearby half-space surfaces for verti-
cally incident P wave. 
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Fig. 6. Vertical surface displacement amplitude for P wave incident at 60°. 
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Fig. 7. Horizontal displacement amplitude on the cavity and nearby half-space surface for verti-
cally incident SV-Wave. 
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Fig. 8. Same as in Fig. 6 for SV wave incident at 60°. 
1.0 
A hybrid method combining finite element representation of the interior field with the bowt-
dary integral representation of the exterior field is presented for analyzing the three-dimensional 
scattering by surface-breaking cavities. It is shown that for semi-circular cavities results obtained 
here agree with other known results. Although only near-field results are presented here, far-field 
results can be obtained using the integral representation once the near-field displacements are 
known. These will be communicated later. 
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